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and, from differentiating Eq. (6) using Eq. (8),

= 2vk (dvk/de) = 2e\i/p (10)
Thus

dAvT/de = (e/*/p)(A*>fl + A^'1) > 0 (11)
The fact that the partial derivative of the characteristic

velocity with respect to the eccentricity is positive means that
at any point (p,e) in the interior of the feasible region the
characteristic velocity can be decreased by decreasing the value
of e while holding the value of p constant. This means that the
minimum characteristic velocity will always lie on the cross-
hatched boundary of the feasible region given by the union of
ra = r2 and rp = r{ in Fig. 1.

What will be demonstrated is that when the characteristic
velocity is constrained to the boundary, its derivative with
respect to e remains positive. Thus the optimal solution lies at
the minimum value of e on the boundary, i.e., at point H in
Fig. 1, which represents the Hohmann transfer.

To do this, the expression for the characteristic velocity is
constrained to the boundary by substituting for the value of p
along each portion of the boundary, namely/? = r2(l - e) on
the left part (ra = r2) and p = r\(\ + e) on the right part
(Tp - n)« Thus the characteristic velocity becomes a function
of the single variable e. Letting A? denote the velocity change
constrained to the boundary, Eq. (6) becomes for the left part

<«>
Differentiating with respect to the single variable e and re-
calling that R = r2/ri > 1 and 0 < e < 1,

and

de
M [ 1 ,1= - ———— ij - 1 > 0
r 2 L( l -e ) / 2 J

(14)

and thus, similar to Eq. (11), dAvT/de > 0 on the left portion
of the boundary.

Similarly, on the right portion of the boundary,

(15)

Differentiating, one obtains

(16)

optimal impulsive transfer. A three-impulse bielliptic transfer
can always be found that has a lower cost, if the midcourse
impulse occurs sufficiently far outside the outer terminal or-
bit. For R greater than approximately 15.58, any bielliptic
transfer that has its midcourse impulse outside the outer termi-
nal orbit has a lower cost than the Hohmann transfer.2'6'8 The
major disadvantage of the bielliptic transfer is that the trans-
fer time is more than twice the Hohmann transfer time, while
the cost saving in the coplanar case is modest. In the noncopla-
nar case, the bielliptic transfer provides significant cost sav-
ings8 because the required plane change can be accomplished
at larger radius and therefore lower velocity.

There exists no optimal bielliptic transfer, but the infimum
of the bielliptic transfers is the biparabolic transfer, which is
the limiting case of the bielliptic transfer as the midcourse
impulse location tends to infinity. However, for all values of
R, the Hohmann transfer is the globally optimal two-impulse
transfer, based on the proof given above.

Concluding Remarks
The case of two-impulse transfer between coplanar circular

orbits is investigated. By using the familiar orbital elements,
eccentricity e and parameter (semilatus rectum) /?, the global
optimality of the Hohmann transfer among the class of two-
impulse transfers is proved using ordinary calculus. The proof
presented is simpler than existing proofs in the literature.
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and

Symptom of Payload-Induced
Flight Instability

and thus, dAi>T/de > 0 on the right portion of the boundary
also. Because the derivative of AvT with respect to the eccen-
tricity is positive at all points on the boundary, it follows that
the optimal solution lies at the point of minimum eccentricity
on the boundary, namely at point //in Fig. 1, representing the
Hohmann transfer. This proves the global optimality of the
Hohmann transfer among two-impulse transfers.

As mentioned by Edelbaum,8 for values of R greater than
approximately 11.94 (printed as 11.24 in Ref. 8 due to a typo-
graphical error), the Hohmann transfer is no longer the global
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Introduction
I HE angular motion of a projectile in flight can usually be
represented as the sum of two coning motions. The stabil-
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ity of a general motion can then be determined by considering
the stability of each coning motion separately. For this analy-
sis, an aeroballistic coning axis system with unit vectors exc,
eyc, and ezc is customary. The exc vector is aligned along the
projectile's axis of symmetry; the eyc vector is in the plane
containing the axis of symmetry and the velocity vector and
points toward the velocity vector. For constant-amplitude con-
ing motion of amplitude ac and frequency <£c, the angular
velocity of the coordinate system is

ft = <t>c (exc cos ac + eyc sin ac) (1)

The aerodynamic moment Ma can be expressed in the coning
coordinate system as (Max,May,Maz). M^ represents the spin
moment and is usually described quantitatively by the dimen-
sionless coefficient C/. Maz represents an in-plane moment
(a moment causing a motion in the plane of the cone angle); it
is related primarily to the static moment coefficient CMa and
controls the frequency of the coning motion.1 Finally, May
represents a side moment; it is a combination of the damping-
in-pitch and Magnus moment coefficients and controls the
growth or decay of the coning motion.

If a projectile has a moving payload, solid or liquid, the
moment exerted by this payload can be expressed in coning
coordinates as (Mpx,Mpy9Mpz). The side moment component
Mpy can cause spectacular instabilities. When these instabilities
occur, a rapid despin is observed; hence, a relation between the
moving pay load's spin moment and its side moment has long
been suspected. This correlation between spin and side mo-
ment is used as a diagnostic for pay load-induced instability.

In this Note, we will review the experimental observations
and theories that deal with this relation for a variety of moving
components. We will then derive a very simple relation that
applies to all moving pay loads in steady-state motion, thus
validating the diagnostic tool.

Moving Rigid Payload
In 1955, an 8-in. shell, the T317, showed significant range

losses and very large spin decays.2 This shell had several rings
held on a central column but free to move within small but
nonzero clearances. The actual spin histories of several T317s
are given in Ref. 2 and are repeated as Fig. 1. This figure also
gives the spin history for three T347s. The T347 shell has the
same external shape, mass, and moments of inertia as the T317
but no movable internal components. In all observed cases, the
T317 had a greater spin loss and flew to a lesser range. The
relative decrements between the range of each T317 shell and
the average range of the T347s are given in the figure. We see
that a spin loss of almost 70 Hz was observed for a projectile
that flew 11% short of its proper range.
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Fig. 1 Measured spin histories of T317.
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Fig. 2 Sun angle history of unstable liquid-filled shell.
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Fig. 3 Spin history of unstable liquid-filled shell.

Several authors3'5 developed steady-state payload motion
theories to explain this misbehavior. Reference 5 considered
two types of motion: 1) a circular motion of radius e of the
payload component center of mass about the projectile's axis
of symmetry, and 2) a coning motion of angle y of the spin axis
of the payload component about the projectile's axis of sym-
metry. Both motions were assumed to be at the projectile's
coning frequency <£c and lagging the projectile coning motion
by a phase angle <£fl. Under these assumptions, the side mo-
ment exerted by the internal component was shown to be

=A<t>c (2)

where A is a function of certain physical characteristics of the
internal component.

More importantly, the roll moment induced by the payload
component was shown to be

MDX = — MDV sin ( (3)

Liquid Payloads
Liquid payloads have been known to cause very spectacular

instabilities. Flight measurements in 1974 of unstable projec-
tiles with spinning liquid payloads showed a most remarkable
result.6 Very large decreases in projectile spin were observed
for unstable projectiles performing large-amplitude coning
motion.

Figures 2 and 3 are yawsonde records for a liquid-filled shell
fired at a transonic muzzle velocity. The oscillating sun angle
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an indicates a coning motion in excess of 30 deg after 8 s of
flight. At this time, the slope of the Euler spin </> changes by a
factor of 10. Thus, projectiles fully filled with liquid show the
same spin-down behavior as projectiles with moving rigid pay-
loads. Indeed, this large despin moment occurring for pay-
load-induced instability was suggested by Miller7 as a design
tool, a technique justified by flight tests.8

The first theoretical relation between side moment and roll
moment for liquid payloads in a cylindrical container was
given in Ref. 9. This reference assumed that the steady-state
motion of a liquid could be approximated by a linearized
Navier-Stokes equation and then showed (after considerable
algebra) that Eq. (3) was valid for a liquid pay load. Later,
Rosenblat et al.10 showed that linearization of the Navier-
Stokes equation was unnecessary. After three pages of much
simpler algebra, Ref. 10 showed that any liquid in a fully filled
cylindrical cavity (provided the liquid satisfies the continuity
equation and is in steady-state motion) has the following rela-
tionship between its side moment and its roll moment:

Mpx = — tan (4)

Note that the linear versions of Eqs. (3) and (4) are the same
but Eq. (4), which is based on the nonlinear Navier-Stokes
equations, is the more accurate nonlinear version.

General Moving Payload Moment Relation
The occurrence of Eq. (4) in so many moving payload theo-

ries suggests the possibility that some simple general proof of
this relation should exist for all possible moving payloads in
steady-state motion. Indeed, such a proof was developed in
Ref. 11 by differentiating the angular momentum of the mov-
ing payload.

The moment exerted by the moving payload is the negative
of the derivative of the payload's angular momentum:

Mp= -(L{exc+L2eyC+L3ezc+QxL) (5)

where (LlyL2,L3) are the coning system components of the
payload angular momentum vector.

For steady-state coning motion, £, =0 and, hence,

Mp = <t>c[~ LI sin otcexc +L3 cos acey

+ (L i sin ac - L2 cos ac)^J

so that

Mpx = — tan ac

(6)

(7)

Conclusions
The presence of a payload-induced side moment can always

be identified by the roll moment for large coning motion. Even
more importantly, the payload side moment can be measured
in ground tests by measurement of the spin moment exerted by
a payload doing a forced coning motion.
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Introduction

C ERTAINTY control1 enhances interceptor performance
by using a terminal guidance law that incorporates the

dynamics of the interceptor and target plus the error knowl-
edge of their estimates. This is done by constraining the final
estimated state to a spherical inequality based on the projected
estimate error. The control law reduces intercept maneuvering
when the controls associated with cost do not affect state
estimate certainty.2

Two variations of certainty control are presented in an at-
tempt to further improve interceptor performance: the first
uses a control effectiveness ratio to regulate thrusting times;
the second changes the certainty control constraint to an ellip-
soidal function based on projected estimate error. Conceptu-
ally, the second variation produces a shrinking ellipsoid about
the predicted impact point with the surface being a function of
estimated error; if the predicted miss is inside or touching the
ellipsoid, thrusting is not necessary.

Variational performances in lateral thrusting are examined
for a hyper velocity, exoatmospheric, orbital vehicle in the
final 30 s of flight while it is attempting to intercept a boosting
missile. System modeling and measurement processing are
identical to those used in Ref. 1. Target tracking is accom-
plished with a ranging device and line-of-sight sensors for
in-plane and out-of-plane measurements. Noise-corrupted
data are processed through an eight-state extended Kalman
filter (EKF) with serial updates occurring every 0.1 s. Velocity
changes are determined by varying impact conditions using
splines to reduce computational burdens and allow a solution
that lends itself to deterministic techniques.

Optimum Spacing of Corrective Thrusts
Corrective thrusting in the presence of state estimate errors

can be optimally spaced to reduce fuel. A control effectiveness
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